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6 Sampling, Reconstruction, and Pulse Modulation

6.1 Sampling

Definition 6.1. Sampling is the process of taking a (sufficient) number of
discrete values of points on a waveform that will define the shape of wave
form.

e The signal is sampled at a uniform rate, once every T; seconds.
m[_-11 w e ] M[.."'] w—Uit)

m L"’] -27T; )
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mln] = m(nT, ) m(t)]i=nr.-

e We refer to Ty as the sampling period, and to its reciprocal fs = 1/T}
as the sampling rate.

e The reverse process is called “reconstruction”.

6.2.Sampling = loss of information” If not, how can we recover the original
waveform back.

e The more samples you take, thelmore accurately you can define a wave-
form.

e Obviously, if the[sampling rate is too low, you may experience distortion
(aliasing).
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Versiorm 1 ] <
e The sampling theorem, to be discus;e_@section, says that when
the waveform is band-limited, if the Sampling rate is fast enough, we can
reconstruct the waveform back and hence there isno loss of information.

o This allows us to replace a continuous time signal by a discrete
sequence of numbers.

o Processing a continuous time signal is therefore equivalent to pro-
cessing a discrete sequence of numbers.

o In the field of communication, the transmission of a continuous
time message reduces to the transmission of a sequence of numbers.

Example 6.3. Mathematical functions are frequently displayed as contin-
uous curves, even though a finite number of discrete points was used to
construct the graphs. If these points, or samples, have sufficiently close
spacing, a smooth curve drawn through them allows us to interpolate in-
termediate values to any reasonable degree of accuracy. It can therefore be
said that the continuous curve is adequately described by the sample points

alone. [ / S‘l'cf@ " mrl:.—u

Example 6.4. Plot y = x~.
C‘D“E\mluah “ y.-.a," ot rmany velues of ot
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Example 6.5. Plot g(t) = sin(1007t). =— 5o H2z Soum f]"\tj 'F“"b' = 49

(See slides.)
[Vg.vs.'gy. 2_]
Theorem 6.6. Sampling Theorem: In order to (correctly and com-

pletely) represent an analog signal, the sampling frequency, fs, must be
at least twice the highest frequency component of the analog signal.

Example 6.7. In example [6.5] the frequency of the sine wave is 50 Hz.
Therefore, we need the sampling frequency to be at least 100.

Example 6.8. Suppose the sampling frequency is 200 samples/sec. The
analog signal should not have the frequency higher than 100 Hz.

(See slides) Using the *Fo‘é-'nl 1
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Definition 6.9.

(a) Given a sampling frequency, f;, the Nyquist frequency is defined as
fs/2.

(b) Given the highest (positive-)frequency component fi.x of an analog
signal,

€X)
(i) the Nyquist sampling rate is 2fax and

(ii) the Nyquist sampling interval is 1/(2 fiax)-

6.10. Much more can be said about the result of performing the sampling
process on a signal. Here we will use ¢(¢) to denote the signal under consid-
eration. You may replace g(t) below by m(t) if you want to think of it as
an analog message to be transmitted by a communication system. We use
g(t) here because the results provided here work in broader setting as well.

Definition 6.11. In ideal sampling, the (ideal instantaneous) sampled
signal is represented by a train of impulses whose area equal the instanta-

neous sampled values of the signal at) "’[w j‘-—“_—\
"4 00 )
gs(t) = > (g[n)d (t —nT,). S CALSREPWTS
‘ 2)3(t-2
6.12. The Fourier transform Gs(f) of gs () can be found by first rewritinga[ 13(¢-11)
gs (t) as o 1]B (=T )

gs(t)= > (T8 (t—nTy) = Y  g(t)d(t —nT)

n—=—oo n—=——oo
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For the last term, the Fourier transform can be found by applying what we

found in Example 4.13F%

if

T*TT"Z&t—anst&f kf.): 'HT}TT
n=-—00 k=—00 —

T-f -4_ %l

This gives s

Gs(f)=G(f)*fe > 6(f—Fkf) fSZG ) %0 (f = kf).

k=—o00 k=—o00

Hence, we conclude that

[95) (t) — Z [ ]5 (t — nT) ﬁ G5 ()J kfs ) (57)
n=—00 k=

6.13. As usual, we will assume that the 31gna1\{1s band-limited to B
Hz ((G(f) =0 for |f| > B)). In which case, the Fourier transform of the

sampled signal is given by For reconsTruction,
¢ (#) d4 (5
ﬂ\ "" R
) || .
— - - I
s Te ! -1-— /\ /\ /\
- '27‘ ~7 # z{ 37‘

6.14. Remarks:
(a) Gg(f)is “periodic” (in the frequency domain) with fperiod™ s
e So, it is/sufficient to look at G (f) between :I:%

(b) The MATLAB script plotspect that we have been using to visualize
magnitude spectrum also relies on sampled signal. Its frequency domain
plot is between :t%.

(c¢) Although this sampling technique is “ideal” because it involves the use
of the d-function. We can extract many useful conclusions.

(d) One can also study the discrete-time Fourier transform (DTFT) to look
at the frequency representation of the sampled signal.

24We also considered an easy-to-remember pair and discuss how to extend it to the general case inm
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6.2 Reconstruction —t 1

-~ 45+ A=
6.15. From ( . we see that When the’ sampling frequency fs is large

enough, the replicas of G(f) will not overlap in the frequency domain. In
such case, the original G(f) is still intact and we can use a low-pass filter
with gain Ty to recover g(t) back from g5 (t).

6.16. To prevent aliasing (the corruption of the original signal because its
replicas overlaps in the frequency domain), we need

7[; _6 76 N){nbu{.“‘ Seven 'll:"l-) Vﬂj‘e

4 >@ss

Theorem 6.17. A low-pass signal g whose spectrum is band-limited to
B Hz (G(f) =0 for |f| > B) can be reconstructed (interpolated) exactly
(without any error) from its sample taken uniformly at a rate (sampling
frequency/rate) fs > 2B Hz (samples per second).[5, p 302]

6.18. Ideal Reconstruction: Continue from [6.15] Assuming that f, >
2B, the low-pass filter that we should use to extract g(¢) from Gs(t) should
be

/%) |fI<B
HLP(f){""‘)ﬁ B<|fl<fs—B
0} ‘f’Zfs_B

In particular, for “brick-wall” LPF, the cutoff frequency fe.uior should be
between B and f, — B

6.19. Reconstruction Equation: Suppose we use % as the cutoff fre-

quency for our “brick-wall” LPF in [6.18] \
ovec = Tyx ;{ =y
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The output of the LPF is

gr(t) = g5 () x hpp (1) = ( > glnlot— nTs)> *hep (1)

n=—0oo

Zg Jhpp (t —nTy) Zg sine (7 fs (t — nTy)) .

n=—oo n=—oo

When Jfg2B, this output will be exactly the same as g(t):

Pc_ccm s'}'fvc'\':oﬂ

— Z g [n]sinc (7 fs (t — nTy)) o e‘s““+;°ﬂ<58)

n=—0oo

e This formula allows perfect reconstruction the original continuous-time
function from the samples.

e At the sampling instants t = nTy, all sinc functions are zero at these
times save one, and that one yields g(nTs) which is the correct values.

e Note that at time ¢ between the sampling instants, g(t) is interpolated
by summing the contributions from all the sinc functions.

e The LPF is often called an interpolation filter, and its impulse response
is called the interpolation function.

Example 6.20.

8r ‘ L Figure 33: Application of the reconstruction
o] .
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Theorem 6.21. Sampling theorem for uniform periodic sampling: If
a signal g(t) contains no frequency components for |f| > B, it is completely
described by instantaneous sample values uniformly spaced in time with
sampling period T < 3 1 . In which case, g(t) can be exactly reconstructed
from its samples (... ,g[ 2], 9]—1],4[0], g[1], g[2],...) by the reconstruction
equation (58)).

Example 6.22. We now return to the sampling of the cosine function (si-
nusoid).

Figure 34: Reconstructicn_of the

Bt
BRYARVARVARVARYERVARYERVE &, 0h)
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t Al
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6.23. Remarks: -‘-r-'s D | 2253 ’
. G
e Need a lot of g[n] for the reconstruction. ’hTTT*xz >
e Practical signals are time-limited. 0.5 o5 > F

o Filter the message as much as possible before sampling.

6.24. The possibility of f, = 2B:

e If the spectrum G(f) has no impulse (or its derivatives) at the highest
frequency B, then the overlap is still zero as long as the sampling rate
is greater than or equal to the Nyquist rate, that is, f; > 2B.

e If G(f) contains an impulse at the highest frequency +B, then f; = 2B
would cause overlap. In such case, the sampling rate f; must be greater
than 2B Hz.
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Theorem 6.21. Sampling theorem for uniform periodic sampling: If
a signal g(t) contains no frequency components for |f| > B, it is completely
described by instantaneous sample values uniformly spaced in time with
sampling period Ty < %. In which case, ¢g(t) can be exactly reconstructed
from its samples (..., g[—2],g[—1], g[0], g[1], g[2],...) by the reconstruction

equation .

Example 6.22. We now return to the sampling of the cosine function (si-
nusoid).

Figure 34: Reconstruction of the
signal ¢(t) = cos(27(2)t) by its
samples g[n]. The upper plot uses
T, = 0.4. The lower plot uses
T, =0.2.

6.23. Remarks:
e Need a lot of g[n] for the reconstruction.
e Practical signals are time-limited.
o Filter the message as much as possible before sampling.

6.24. The possibility of f, = 2B:

e If the spectrum G(f) has no impulse (or its derivatives) at the highest
frequency B, then the overlap is still zero as long as the sampling rate
is greater than or equal to the Nyquist rate, that is, f; > 2B.

e If G(f) contains an impulse at the highest frequency +B, then f; = 2B
would cause overlap. In such case, the sampling rate f; must be greater
than 2B Hz.

88



{reqg. of T sine wane
/ ,?g r;Dd = 1/8
Example 6.25. Consider a sinusoi sin (27(B)t). This signal is

bandlimited to B Hz, but all its sampies are zéro when uniformly taken at
a rate fs = 2B, and ¢(t) cannot be recovefed from its (Nyquist) samples.
Thus, for sinusoids, the condition of f, >/2B must be satisfied.

/; = 28
) - A
9 T, = =
R € ool 5
et -_— 2—. ( AN
26 & 26 gl~]z0 V¥r» = ‘ﬂs{-b =290~] s(t~T;) =0
Let’s check with fi la (57)) for G . First, 11 that
et’s check with our ormPa or Gs(f). First, recall tha 8.0 =0 v £
jr _ =it 1 1
Sing = = el it ¥
2j 2j 2j G, (=0
Therefore, q Ci]; -0
: 4 =
q (t) — sin (27'(' (B) t) _ iejQW(B)t . ie—j%r(B)t :"_10€j27r(_3;)t + L)ejQW(—B)t
2 2 24 24
and Im LG(?{)}
1
e - 1 (- 2 |
deh =15 5(#-m)x 1;35(4-) ) 6 7

Note that G(f) is pure imagi So, it is more suitable to look at the
plot of its imaginary part. (We do not look at-its_magnitude plot because
the information about the sign is lost. We also do not™sgnsider the real part
because we know that it is 0.)
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6.26. A maximum of 2B independent pieces (samples/symbols) of infor-

mation per second can be transmitted, errorfree, over a noiseless channel of
bandwidth B Hz [4, p 260].

e Start with 2B pieces of information per second. Denote the sequence
of such information by m,,.

e Construct a signal m(t) whose (Nyquist) sample values m[n] = m (ns5)

2B
agrees with m,, by the reconstruction equation (58)).

6.27. A bandpass signal whose spectrum exists over a frequency band

fe — g < |fl < fe+ % has a bandwidth B Hz. Such a signal is also
uniquely determined by samples taken at above the Nyquist frequency 2B.
The sampling theorem is generally more complex in such case. It uses two
interlaced sampling trains, each at a rate of f; > B samples per second

(known as second-order sampling). [5, p 304]
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6.3 Analog Pulse Modulation

In Section |6.1| we saw that continuous bandlimited signals can be represented
by a sequence of discrete samples. Moreover, in Section [6.2, we saw that
the continuous signal can be reconstructed if the sampling rate is sufficiently
high.

6.28. Because thesequence m[n] completely contains the information about
m(t), in this section, instead of trying to send m(t), we consider transmitting
the message in the form of pulse modulation.

Definition 6.29. In analog pulse modulation, some attribute of a pulse
varies continuously in one-to-one correspondence with a sample value.

e Example of a pulse:

J\Fo sih ofr~—-‘

wid+h
e Three attributes can be readily varied: amplitude, width, and position.

Ft'l'b
I L\b\Sk"‘ (Ouv-f“ "'U&G)
> ¢

e These lead to pulse-amplitude modulation (PAM), pulse-width modu-
lation (PWM), and pulse-position modulation (PPM) as illustrated in

Figure [35]
Definition 6.30. Unmodulated pulse trainy > p(t — nTj)
t ot L / _-}
~Ts LA, 27

Definition 6.31. In Pulse-Amplitude Modulation (PAM), the sample
values modulate the amplitude of a pulse train:

(e.¢]

vpam (t) = Y m[n]p(t —nT.)

n—=—oo

Pu\st —-nmp AN\G-‘\"-& Sf‘, nal
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Example 6.32.

6.33. One advantage of using pulse modulation is that it permits the si-
multaneous transmission of several signals on a time-sharing basis.

e When a pulse-modulated signal occupies only a part of the channel
time, we can transmit several pulse-modulated signals on the same
channel by interweaving them.

e One User: TDM (time division multiplexing).
o Transmit/multiplex multiple streams of information simultaneously.
e Multiple Users: TDMA (time division multiple access).
6.34. Frequency-Domain Analysis of PAM:

o0 o0

xpam (1) = Z m[n]p(t —nTy) = Z mn]p(t) %0 (t — nTy)
=p(t) = ( Z m[n](S(tnTs)) =p(t) *xms (1)

Therefore,

Xpam (f) = P (f) M5 (f) -

6.35. Figure [35| compares different types of analog pulse modulation.

Definition 6.36. Pulse- Width Modulation (PWM): A PWM waveform
consists of a sequence of pulses with the width of the nth pulse is propor-
tional to the value of m[n].
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‘ , Figure 35: Illustration of PAM, PWM, and
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e Seldom used in modern communications systems.

e Used extensively for DC motor control in which motor speed is propor-
tional to the width of the pulses . Since the pulses have equal amplitude,
the energy in a given pulse is proportional to the pulse width.

Definition 6.37. Pulse-Position Modulation (PPM): A PPM signal
consists of a sequence of pulses in which the pulse displacement from a spec-
ified time reference is proportional to the sample values of the information-
bearing signal.

e Have a number of applications in the area of ultra-wideband commu-
nications.

6.38. Pulse-modulation scheme are really baseband coding schemes, and
they yield baseband signal.
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